Abstract. The stability number of a graph G, denoted by α(G), is the cardinality of a maximum stable set, and µ(G) is the cardinality of a maximum matching in G. If α(G) + µ(G) equals its order, then G is a König-Egerváry graph.
Introduction
All the graphs considered in this paper are simple, i.e., are finite, undirected, loopless and without multiple edges. For such a graph G = (V, E) we denote its vertex set by V = V (G) and its edge set by E = E(G). If X ⊂ V , then G[X] is the subgraph of G spanned by X. By G − W we mean the subgraph
A set of pairwise non-adjacent vertices is a stable set of G. The stability number of G, denoted by α(G), is the size of a maximum stable set in G.
Let Ω(G) stand for the set {S : S is a maximum stable set of G} and core(G) = ∩{S : S ∈ Ω(G)} [11] .
θ(G) is the clique covering number of G, i.e., the minimum number of cliques whose union covers V (G). ] is a complete subgraph in G, then v is a simplicial vertex of G, and by simp(G) we mean the set of all simplicial vertices of G. A maximal clique in G is called a simplex if it contains at least a simplicial vertex of G [2] . G is said to be simplicial if every vertex of G is simplicial or it is adjacent to a simplicial vertex of G [2] . If |N(v)| = |{w}| = 1, then v is a pendant vertex and vw is a pendant edge of G.
By K n and P n we denote the complete graph and the cordless path on n ≥ 1 vertices, respectively. K n,m is the complete bipartite graph with two maximal stable sets of cardinalities n and m.
G is well-covered [20] if every maximal stable set of G is also a maximum stable set, i.e., it is in Ω(G). G is called very well-covered [5] provided G is well-covered without isolated vertices, and |V (G)| = 2α(G).
The following results will be used in the sequel.
Proposition 1 If G is a graph of order n ≥ 2, then:
1.
[10] G is very well-covered if and only if it is a well-covered König-Egerváry graph;
2.
[10] a connected König-Egerváry graph is well-covered if and only if it is very well-covered.
, whenever G is a non-complete well-covered graph.
The distance between two vertices v, w of a graph G is denoted by dist G (v, w), or dist(v, w) if no ambiguity. G 2 denotes the second power of G, i.e., the graph with
Clearly, any stable set of G 2 is stable in G, as well, while the converse is not generally true. Therefore, we may assert that 1 ≤ α(G 2 ) ≤ α(G). Notice that the both bounds are sharp. For instance, if:
• G = K 1,n , and n ≥ 2, then α(G) = n > α(G 2 ) = 1; Figure 2 : G 1 and G 2 are square-stable graphs, while G 3 is not square-stable.
In this paper we characterize König-Egerváry graphs satisfying the equality α(G) = α(G 2 ). The graphs enjoying this property are called square-stable [13] . The investigation of these graphs was started in [22] and continued in [13] .
Results
It is evident that G and G 2 are simultaneously connected or disconnected. In addition, if
Hence, we may conclude that a disconnected graph is square-stable if and only if each of its connected components is square-stable. Therefore, in the rest of the paper all the graphs are connected, unless otherwise stated.
In
Theorem 2 For a graph G the following statements are equivalent: (i) every vertex of G belongs to exactly one simplex of G;
Recall that: the equivalence of the assertions (i), (ii), (iii), (iv), was proved in [22] , the fact that "(i) ⇐⇒ (v)" was shown in [21] , while "(ii) ⇐⇒ (vi)" was done in [13] .
For square-stable graphs there are interesting connections between properties of vertices in G and G 2 correspondingly.
Proposition 3 If G is a square-stable graph and v ∈ V (G), then the following assertions are true: (i) v is in some S ∈ Ω(G 2 ) if and only if v is a simplicial vertex in G; (ii) v belongs to all maximum stable sets of G 2 if and only if v is the unique simplicial vertex in its simplex in G.
Since S belongs also to Ω(G), we infer that (S ∪ {x, y}) − {v} must be stable in G and of cardinality greater than |S|, thus contradicting |S| = α(G).
Conversely, let v be a simplicial vertex in G. Suppose that S ∈ Ω(G 2 ), and
(ii) Suppose that a vertex v belongs to all maximum stable sets of G 2 . According to (i), v must be a simplicial vertex in G. If some u ∈ N G (v) is also simplicial in G, then again by (i), u belongs to some S ∈ Ω(G 2 ). Clearly, v / ∈ S and this contradicts the hypothesis on v.
Conversely, let v be the unique simplicial vertex in its simplex. Assume that there is some S ∈ Ω(G 2 ) such that v / ∈ S. Since G is square-stable, S ∈ Ω(G). Clearly, there exists u ∈ S ∩ N G (v), because, otherwise, S ∪ {v} is stable in G and |S ∪ {v}| > α(G). Hence, S ∩ N G (u) = ∅, and each
The vertex u is not simplicial, since v is the unique simplicial vertex of its simplex and u ∈ N G (v). Consequently, there is
in contradiction with the definition of α(G). In summary, v must belong to all maximum stable sets of G 2 . The graph in Figure 3 illustrates interconnections between simp(G) and core(G 2 ) implied by Proposition 3.
Clearly, any complete graph is square-stable. Moreover, since K 2 n = K n , we get that
Let us notice that the equality |Ω(G 2 )| = 1 does not ensure that G is squarestable, e.g., the graph G from Figure 4 is not square-stable, but |Ω(G 2 )| = 1. In general, a graph having a unique perfect matching is not necessarily square-stable. For instance, K 3 + e has a unique perfect matching, but is not square-stable, because (K 3 + e) 2 = K 4 . Further, we pay attention to graphs having a perfect matching consisting of pendant edges, which is obviously unique.
Lemma 4
If G has a perfect matching consisting of pendant edges, then G is square-stable. Moreover, Ω(G 2 ) = {S 0 }, where S 0 = {v : v is pendant in G}.
Proof. Clearly, the set S 0 is stable in G, and because
we infer that S 0 ∈ Ω(G). Since dist G (a, b) ≥ 3 holds for any a, b ∈ S 0 , we get that S 0 ∈ Ω(G 2 ), i.e., G is square-stable, by Theorem 2(vi). Since a pendant vertex is the unique simplicial vertex in its simplex, Proposition 3 implies that S 0 is included in all maximum stable sets of G 2 . So, we may conclude that Ω(G 2 ) = {S 0 }, because S 0 ∈ Ω(G 2 ). Notice that there are square-stable graphs with more than one maximum stable set, and having no perfect matching; e.g., the graph in Figure 5 . Theorem 5 For a König-Egerváry graph G on n ≥ 2 vertices the following assertions are equivalent:
(ii) G has a perfect matching consisting of pendant edges; (iii) G is very well-covered with exactly α(G) pendant vertices.
Proof. (i) ⇒ (ii) By Theorem 2(v), G is well-covered, and according to Proposition 1(2), it is also very well-covered. Hence, we obtain that α(G) = µ(G) = n/2, and G has a perfect matching M. Let
and
, and this contradicts the stability of
M consists of only pendant edges.
(ii) ⇒ (iii) By Lemma 4, it follows that G is square-stable. According to Theorem 2(v), G is well-covered, and Proposition 1(2) finally assures that G is very well-covered.
(iii) ⇒ (i) Since G is very well-covered with exactly α(G) pendant vertices, we infer that S 0 = {v : v is a pendant vertex in G} ∈ Ω(G) and also that the matching M = {vw : vw ∈ E(G), v ∈ S 0 } is perfect and consists of only pendant edges. According to Lemma 4, it follows that G is square-stable.
Let us remark that:
• well-covered König-Egerváry graphs may not be square-stable, e.g., C 4 ;
• a König-Egerváry graph with a unique perfect matching is not always square-stable, e.g., P 6 (by the way, it is also a tree) and K 3 + e;
• a non-König-Egerváry graph with a unique perfect matching M may be square-stable, even if M does not consist of only pendant edges (for instance, see the graph in Figure 6 ). Figure 6 : G is square-stable and has a unique perfect matching containing not only pendant edges.
Theorem 5 is true for bipartite graphs as well, since any bipartite graph is also a König-Egerváry graph. For trees, Theorem 5 leads to an extension of the characterization that Ravindra gave to well-covered trees in [23] .
Corollary 6 If T is a tree of order n ≥ 2, then the following statements are equivalent:
(i) T is well-covered;
(ii) T is very well-covered; (iii) T has a perfect matching consisting of pendant edges; (iv) T is square-stable.
Let us notice that the equivalences appearing in Corollary 6 fail for bipartite graphs. For instance, the graph in Figure 7 is very well-covered, but is not square-stable. 
Lemma 7
If G is square-stable with 2 vertices at least, then α(G) ≤ µ(G).
Proof. By Theorem 2(vi) there exists a maximum stable set
It means that for every i ∈ {1, 2, ..., α (G) − 1} there is a shortest path of length 3 at least from
All the vertices w i , 1 ≤ i ≤ α (G) − 1 and w 1 are pairwise distinct, otherwise there will be a pair of vertices in S at distance 2. Proof. The following inequalities are true for every graph G:
If G is square-stable, then these inequalities together with Lemma 7 give
Moreover,
which means that G is a König-Egerváry graph. In addition, G has a perfect matching, because µ(G) = α (G). Conversely, if G is a König-Egerváry graph with a perfect matching, then
Thus α(G) = α(G 2 ), i.e., G is a square-stable graph. It is worth noticing that if G is square-stable, then it is not enough to know that µ(G) = α(G) in order to be sure that G is a König-Egerváry graph. For instance, see Figure 8 . (ii) If G is square-stable, then either G and G 2 are König-Egerváry graphs or both of them are not.
